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Introduction
Let S = K[X 1 , . . . , X n ] be the polynomial ring over a field K with n-variables. Observe that S has both a natural Z-grading and a natural Z n -grading by setting deg(X i ) = 1 or deg(X i ) = ε i respectively where ε i is i-th canonical basis vector of Z n . Given a = (a 1 , . . . , a n ) ∈ Z n we let |a| = a 1 + · · · + a n . We call a Z n -graded S-module M bounded below if there exists c ∈ Z such that M a = 0 for |a| ≤ c. The following is the main result of this paper: This result is related to a conjecture of Buchsbaum and Eisenbud concerning Zgraded S-modules. In the rest of this introduction let M be a finitely generated Z-graded S-module. For i ∈ N we denote with β This problem was submitted to Hartshorne's problem list by G. Horrocks [7] . For this reason, the conjecture is often referred to as Horrocks' Problem. However, we will refer to it as the Buchsbaum-Eisenbud conjecture, since their article appeared before Hartshorne's problem list. These lower bounds imply in particular that n i=0 β S i (M) ≥ 2 n , which was studied for example in [1] . In a series of papers ( [4] , [6] , [11] ) the above conjecture was verified in the case where the module M is in addition Z n -graded. We denote with proj dim(M) = max{i ∈ N : β S i (M) = 0} the projective dimension of M. Herzog and Kühl made the following slightly stronger conjecture:
The conjecture of Herzog and Kühl implies the conjecture of Buchsbaum and Eisenbud, since if M has finite length then proj dim(M) = n. Herzog and Kühl proved their conjecture in the case where M is a Z-graded S-module with a linear minimal graded free resolution (see [8] ). Theorem 1.1 verifies their conjecture in the case where M is Z n -graded. The paper is organized as follows. In Section 2 we define the concept of a polyexact-sequence. A poly-exact-sequence is a collection of exact sequences well-suited for inductive construction of elements. This inductive procedure is formulated in Theorem 2.5. In Section 3 we study a particular poly-exact-sequence related to Theorem 1.1. Theorem 1.1 then follows as a special case of Theorem 2.5. In section 4 we specialize our discussion to Betti numbers.
poly-exact-sequences
In this section we introduce our concept of a poly-exact-sequence and we study their main properties. For a = (a 1 , . . . , a n ) ∈ Z n set supp(a) = {i : 
is called a poly-exact-sequence, if the following is satisfied:
such that the following sequences are exact:
To simplify the notation we write ι s , π s and ∂ s if it is clear from the context which homomorphism we mean. We refer to the above exact sequence as the fundamental exact sequence for H at (F, i, a, s). We set H i (F ) = ⊕ a∈Z n H i (F ) a . For y ∈ H i (F ) a we call i the homological degree (hdeg) and a the degree (deg) of y.
Note that we use the notation H i (F ) a for the values of H, which reminds of homology groups. In fact in our applications H i (F ) a will be the Z n -degree a part of the i-th homology group of a Z n -graded complex. The above definition was motivated by the following example:
. . , X n ] be the polynomial ring over a field K and let M be a finitely generated Z n -graded S-module. For F ⊆ [n] and i ∈ N let H i (F, M) be the i-th Koszul homology of M with respect to the variables X i with i ∈ F . It is well-known that for F ⊆ [n] and s ∈ [n] \ F there exists the long exact Koszul homology sequence:
where the maps are Z n -homogeneous (see [2, section 1.6] for details). The Koszul homology groups are Z n -graded. Thus we may define
a . Now one verifies that all conditions of 2.1 are satisfied. This is a special case of the poly-exact-sequence studied in 3.2.
In the rest of this section we present a technique to give lower bounds for the number of elements in the groups H i (F ). Below H denotes a poly-exact-sequence.
Proof. We prove the lemma by induction on |F |. By the axiom (i) for a poly-exactsequence the lemma holds in the case where |F | = 0. Suppose that the lemma holds for F . It follows from the fundamental exact sequence for H at (F, i, a, s) that the lemma holds for F ∪{s}.
The following lemma observes that it is possible to 'push' elements at a fixed homological degree.
Proof. Define l = min{|c| :
Observe that l is well defined because axiom (ii) ensures that H i (F ) c = 0 for |c| ≪ 0. We prove this lemma by induction on |a| − l. Let |a| = l. We consider the fundamental exact sequence for H at (F, i, a, s):
By the definition of l we have H i (F ) a−εs = 0. Therefore ι s : H i (F ) a → H i (F ∪{s}) a is injective and y s = ι s (y) fulfils the requirements.
Next assume that |a| > l. We have to consider two cases. If ι s (y) = 0, then we choose y s = ι s (y) and b s = 0. Otherwise ι s (y) = 0. But by the fundamental exact sequence for H at (F, i, a, s) there exists a 0 = y ′ ∈ H i (F ) a−εs with ∂ s (y ′ ) = y. By the induction hypothesis we get an element 0 = y s ∈ H i (F ∪{s}
Proof. The theorem clearly holds in the case where |F | = r. In particular it holds for |F | = 0. Let 0 ≤ r < |F |, and assume by induction that the theorem holds for every G ⊆ [n] with |G| < |F |. In order to prove the induction step we consider two cases.
Case 1: Assume that for some s ∈ F we have π s (y) = 0. By the fundamental exact sequence for H at (F \ {s}, i, a, s)
there exists an element 0 = y ′ ∈ H p (F \ {s}) a with ι s (y ′ ) = y. Lemma 2.3 ensures that p ≤ |F \ {s}| and therefore we can apply the induction hypothesis to y ′ and get that for all i ≥ 0 there exist p−r i many I ′ ⊆ (F \ {s}) \ {l 1 , . . . , l r } and 0 = y . Note that |b Is j | ≥ i and that for s j = s j ′ with j < j ′ we have deg(y Is j ) = deg(y Is j ′ ), because
with respect to the same s j . We have produced
many elements 0 = y Is j ∈ H p−i (F ) with pairwise distinct degrees. Thus we are done.
A poly-exact-sequence for Tor-groups
In this section we give an example of a poly-exact-sequence and present an application of 2.5. Let S = R[X 1 , . . . , X n ] be the polynomial algebra over a commutative and unital ring R with n-variables equipped with the grading deg(X i ) = ε i . For F ⊆ [n] we define R[F ] ⊆ S to be the subalgebra generated by the variables X i with i ∈ F .
The following is a lemma in [10] (section 9). Since it is a crucial observation for our paper we reproduce its proof.
Then there exists a short exact sequence of Z n -graded S-modules of the form
We claim that the following sequence is exact
with ∂ s (1⊗m) = X s ⊗m − 1⊗X s m and ι s (r⊗m) = rm.
Clearly ι s is surjective and ι s • ∂ s = 0. We claim that Ker(ι s ) = Im(∂ s ). If
Then we have m k = n k−1 , m j = n j−1 − X s n j for j = 1, . . . , k − 1 and
Since S is a flat R[F ∪{s}]-module we can apply S⊗ R[F ∪{s}] to the sequence (1) and obtain the exact sequence
In the proof of 3.1 and we did not use the structure of Z n -graded modules. This result holds for arbitrary S-modules.
Recall that we say that a Z n -graded S-module is bounded below if M a = 0 for a ∈ Z n and |a| ≪ 0. 
n is a poly-exact-sequence.
Proof. We have to verify the conditions of a poly-exact-sequence in 2.1. (iii): By 3.1 we have for all F ⊆ [n], i ∈ N, a ∈ Z n the exact sequence
The degree a-part of the corresponding Z n -graded long exact Tor sequences is
Here π s is the connecting homomorphism and the other maps are induced by the corresponding ones in 3.1. This concludes the proof.
The following theorem implies Theorem 1.1 and [4, Theorem 2]. 
Lower bounds for Betti numbers
In this section we let S = K[X 1 , . . . , X n ] be the polynomial ring over a field K with n-variables. Let M be a Z n -graded S-module. For i ∈ N and a ∈ Z n we denote with β 
